SEMANTICS FOR PREDICATE LOGIC

PHIL 140A SPRING 2016

1. Carry out the following substitutions:

(@) 3x (P(x) A Vy (Q(y) = R(x,¥))) [v/4]

(b) (IxR(x,c) v ¥y = P(c,x,y))[c/x]

© (YyQ(f(xy) A fd.x) =2) [f(x,y)/x]

(d) (=R(x f(f(x)) A3z (f(2) = f(x))) [z/f()][z/f(f(x))]

Answer:
@ 3x (P(x) A Vy (Q(y) = R(x,y)))
(b) (3xR(x,c) v Vy = P(c,c,y))
© (VyQ(f(xy) A fld. f(x.y)) = 2)
(d) (7R(x f(2)) A3z (fz) = f(x)

2. Recall from Definition 3.4.4. the following definitions:

Vz1 - Vza (215 - - -, Zn)

2A = Cl(p)

forall 2, A = ¢
forallpel,AE= ¢
forallA, A =T = A= ¢.

T
AS)
¢ ¢ ¢ ¢

True or false:

@ {P()} = PO).

Answer: True.
Reason: This is equivalent to {Vx P(x)} & Vy P(y).

(b) {P(x)} = VxP(x).

Answer: True.
Reason: This is equivalent to {Vx P(x)} & Vx P(x).

(¢) For all formulas ¢, and all models 2, either 2 = ¢ or 2 = = .
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(d)

Answer: False.

Example: Let 2l = (N, <). Consider the formula x < y. Then 2l & x <y
(since A ¥ YxVy x < y)and 2 B —(x < y) (since A B VxVy = x <y).

For all formulas ¢ and ¢, if = ¢ — ¢, then {¢} = .

Answer: True.

Proof: Let FV(p) — FV(¥) = {x1,...,x.}, FV(¢) n FV(¥) = {y1,...,yn}, and
FV(y) — FV(¢) = {z1,..., 2%} (We need to separate the variables that ¢ and ¢
share from the ones they don’t share). Suppose for all models :

A Vg -V Vyn - ¥y Va1 - Yz (0 — ).

We want to show that for all models 2, if A = Vx; ---Vx,Vy; - Vy, ¢, then
A=Yy - Vy, Vz1 - Vb

Suppose 2 = Vx; ---Vx,Vy; -+ Vy,e. Let ay,...,a, € || be such that
A = Vy, - -Yymelai/x1] - [a,/x,]. By our supposition, we can universally in-
stantiate to get:

RUEVyr - Vyn Vo - Vo (o — ¢)|an/xi] - [an/xa].
But since none of x;, ..., x, occur in ¥, this is equivalent to:
RUEVyr - Vyn Vo - Vo (plar/xi] - - [an/xa] — ¥).

Now, suppose by, ...,by,c1, ..., cx € |2|. Then by universal instantiation:

A= plar/xi] - - - [@n/xa][b1/y1] o [Bn/yin] i
A= (plar/x1] - [an/x0] = W)[b1/y1] - - [Bw/Ym][C1/21] - - - [Ch/ 2]

But since none of zy, . ..,z occur in {y1, ..., y,}, this second line is equivalent to:

A= (plar/xi] - [an/xu][b1/y1] - [bu/yu] = Wb /y1] - [Bu/yu][E1/21] - [e/zi]).

Hence:

A= ylby/y1] - [bw/yml[cr/z1] - - - [€x/2]-

Since by, ...,by,c1, ..., cp were arbitrary, 2 = Vy; -+ Vy,, Vz1 - - Ve i ]

(e)

For all formulas ¢ and ¢, if {¢} = ¢, then = ¢ — .




Answer: False.

Example: Let ¢ = P(x) and ¢ = P(y). Then it’s true that for all models %,
if A = P(x) (i.e., A= VxP(x)), thenA = P(y) (i.e., A & VyP(y)). However,
it’s not true that for all models 2, 2 = P(x) — P(y). This is equivalent to
2 = VxVy (P(x) — P(y)), which is equivalent to 2 = 3x P(x) — VyP(y).
But not every model makes this true.

(f) For all formulas ¢, = ¢ iff & = ¢.

Answer: True.

Reason: = ¢ iff for all 2, 2 = ¢. But this holds iff for all 2, if 2 = ¢ for
every ¥ € J, then A = ¢. And so this is holds iff & = ¢.

Which of the following is true for all models 2 and all formulas ¢ and ¢?

(@) A= —piff A .

(b) A=A yiffd=gpand A E .

(0 AE=pvyiff AE=gporA = .

d) AE@—yiff A= gonlyif A = y.

(e) Ak ¢ yiff [AE @iff A = yl.

(f) A= Vxgiffforallae ||, A= pla/x].
(g) A= Jxgiff for someae [A|, A = ¢gla/x].



