
SEMANTICS FOR PREDICATE LOGIC

PHIL 140A SPRING 2016

1. Carry out the following substitutions:

(a) Dx pPpxq ^ @y pQpyq Ñ Rpx, yqqq ry{xs

(b) pDx Rpx, cq _ @y ¬ Ppc, x, yqq rc{xs

(c) p¬@y Qp f px, yqq ^ f pd, xq “ zq r f px, yq{xs

(d) p¬Rpx, f p f pxqqq ^ Dz p f pzq “ f pxqqq rz{ f pxqsrz{ f p f pxqqs

Answer:
(a) Dx pPpxq ^ @y pQpyq Ñ Rpx, yqqq

(b) pDx Rpx, cq _ @y ¬ Ppc, c, yqq

(c) p¬ @y Qp f px, yqq ^ f pd, f px, yqq “ zq

(d) p¬Rpx, f pzqq ^ Dz p f pzq “ f pxqqq

2. Recall from Definition 3.4.4. the following definitions:

Clpφpz1, . . . , znqq B @z1 ¨ ¨ ¨ @zn φpz1, . . . , znq

A ( φ ô A ( Clpφq

( φ ô for all A, A ( φ

A ( Γ ô for all φ P Γ, A ( φ

Γ ( φ ô for all A, A ( Γ ñ A ( φ.

True or false:

(a) tPpxqu ( Ppyq.

Answer: True.
Reason: This is equivalent to t@x Ppxqu ( @y Ppyq.

(b) tPpxqu ( @x Ppxq.

Answer: True.
Reason: This is equivalent to t@x Ppxqu ( @x Ppxq.

(c) For all formulas φ, and all models A, either A ( φ or A ( ¬φ.
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Answer: False.
Example: Let A “ pN,ăq. Consider the formula x ă y. Then A * x ă y
(since A * @x @y x ă y) and A * ¬px ă yq (since A * @x @y ¬ x ă y).

(d) For all formulas φ and ψ, if ( φ Ñ ψ, then tφu ( ψ.

Answer: True.
Proof : Let FVpφq ´ FVpψq “ tx1, . . . , xnu, FVpφq X FVpψq “ ty1, . . . , ymu, and
FVpψq ´ FVpφq “ tz1, . . . , zku (we need to separate the variables that φ and ψ
share from the ones they don’t share). Suppose for all models A:

A ( @x1 ¨ ¨ ¨ @xn @y1 ¨ ¨ ¨ @ym @z1 ¨ ¨ ¨ @zk pφ Ñ ψq.

We want to show that for all models A, if A ( @x1 ¨ ¨ ¨ @xn @y1 ¨ ¨ ¨ @ym φ, then
A ( @y1 ¨ ¨ ¨ @ym @z1 ¨ ¨ ¨ @zk ψ.

Suppose A ( @x1 ¨ ¨ ¨ @xn @y1 ¨ ¨ ¨ @ym φ. Let a1, . . . , an P |A| be such that
A ( @y1 ¨ ¨ ¨ @ym φrā1{x1s ¨ ¨ ¨ rān{xns. By our supposition, we can universally in-
stantiate to get:

A ( @y1 ¨ ¨ ¨ @ym @z1 ¨ ¨ ¨ @zk pφ Ñ ψqrā1{x1s ¨ ¨ ¨ rān{xns.

But since none of x1, . . . , xn occur in ψ, this is equivalent to:

A ( @y1 ¨ ¨ ¨ @ym @z1 ¨ ¨ ¨ @zk pφrā1{x1s ¨ ¨ ¨ rān{xns Ñ ψq.

Now, suppose b1, . . . , bm, c1, . . . , ck P |A|. Then by universal instantiation:

A ( φrā1{x1s ¨ ¨ ¨ rān{xnsrb̄1{y1s ¨ ¨ ¨ rb̄m{yms

A ( pφrā1{x1s ¨ ¨ ¨ rān{xns Ñ ψqrb̄1{y1s ¨ ¨ ¨ rb̄m{ymsrc̄1{z1s ¨ ¨ ¨ rc̄k{zks.

But since none of z1, . . . , zk occur in ty1, . . . , ymu, this second line is equivalent to:

A ( pφrā1{x1s ¨ ¨ ¨ rān{xnsrb̄1{y1s ¨ ¨ ¨ rb̄m{yms Ñ ψrb̄1{y1s ¨ ¨ ¨ rb̄m{ymsrc̄1{z1s ¨ ¨ ¨ rc̄k{zksq.

Hence:

A ( ψrb̄1{y1s ¨ ¨ ¨ rb̄m{ymsrc̄1{z1s ¨ ¨ ¨ rc̄k{zks.

Since b1, . . . , bm, c1, . . . , ck were arbitrary, A ( @y1 ¨ ¨ ¨ @ym @z1 ¨ ¨ ¨ @zk ψ. ∎

(e) For all formulas φ and ψ, if tφu ( ψ, then ( φ Ñ ψ.
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Answer: False.
Example: Let φ “ Ppxq and ψ “ Ppyq. Then it’s true that for all models A,
if A ( Ppxq (i.e., A ( @x Ppxq), then A ( Ppyq (i.e., A ( @y Ppyq). However,
it’s not true that for all models A, A ( Ppxq Ñ Ppyq. This is equivalent to
A ( @x @y pPpxq Ñ Ppyqq, which is equivalent to A ( Dx Ppxq Ñ @y Ppyq.
But not every model makes this true.

(f) For all formulas φ, ( φ iff H ( φ.

Answer: True.
Reason: ( φ iff for all A, A ( φ. But this holds iff for all A, if A ( ψ for
every ψ P H, then A ( φ. And so this is holds iff H ( φ.

3. Which of the following is true for all models A and all formulas φ and ψ?

(a) A ( ¬φ iff A * φ. False.

(b) A ( φ ^ ψ iff A ( φ and A ( ψ. True.

(c) A ( φ _ ψ iff A ( φ or A ( ψ. False.

(d) A ( φ Ñ ψ iff A ( φ only if A ( ψ. False.

(e) A ( φ Ø ψ iff [A ( φ iff A ( ψ]. False.

(f) A ( @xφ iff for all a P |A|, A ( φrā{xs. True.

(g) A ( Dxφ iff for some a P |A|, A ( φrā{xs. False.
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